We use a Diamond diagram attached to a 2-dimensional reducible split mod p Galois representation of Gal(Q p /Q p 2 ) to construct a non-admissible smooth irreducible mod p representation of GL 2 (Q p 2 ) following the approach of Daniel Le.
Introduction
Let p be a prime number, Q p be the field of p-adic numbers, and F p be the algebraic closure of the finite field F p of cardinality p. The study of the admissibility of smooth irreducible representations of connected reductive p-adic groups goes back to Harish-Chandra ( [HC70] ). Building upon his work, Jacquet proved that every such representation over the field of complex numbers is admissible ( [Jac75] , see also Bernstein [Ber74] ). This result was extended by Vignéras to smooth irreducible representations over any algebraically closed field of characteristic not equal to p ( [Vig96] ). It is also known that every smooth irreducible representation of GL 2 (Q p ) over F p is admissible (see Berger [Ber12] ). Let Q p 2 be the unramified extension of Q p of degree 2. In this paper, we establish the existence of a non-admissible smooth irreducible F p -linear representation of GL 2 (Q p 2 ), for p > 2, following the approach of Daniel Le ([Le19]). Our result supports the viewpoint of Breuil and Paškūnas that the mod p (and p-adic) representation theory of GL 2 (Q p 2 ) is more complicated than that of GL 2 (Q p ) ( [BP12] , see also Schraen [Sch15] ).
Let G = GL 2 (Q p 2 ), K = GL 2 (Z p 2 ), and Γ = GL 2 (F p 2 ), where Z p 2 is the ring of integers of Q p 2 with residue field F p 2 . Fix an embedding F p 2 → F p . Let I and I 1 denote the Iwahori and the pro-p Iwahori subgroups of K respectively, and K 1 denote the first principal congruence subgroup of K. Write N for the normalizer of I (and of I 1 ) in G. As a group, N is generated by I, the center Z of G, and by the element Π = 0 1 p 0 . All representations considered in this paper from now on are over F p -vector spaces. For a character χ of I, χ s denotes its Π-conjugate sending g in I to χ(ΠgΠ −1 ). A weight is a smooth irreducible representation of K. The K-action on such a representation factors through Γ and thus any weight is described by a 2-tuple (r 0 , r 1 ) ⊗ det m := with the trivial action of p on D 0 and D 1 . Given such a diagram such that D K 1 0 has finite dimension, the smooth injective K-envelope inj K D 0 admits a non-canonical N -action which glues together with the K-action to give a smooth G-action on inj K D 0 ([BP12], Theorem 9.8). The G-subrepresentation of inj K D 0 generated by D 0 is smooth admissible and its K-socle equals the K-socle soc K D 0 of D 0 .
From now on, assume that p is odd. Let ρ : Gal(Q p /Q p 2 ) → GL 2 (F p ) be a continuous generic Galois representation such that p acts trivially on its determinant and D(ρ) be the set of weights, called Diamond weights, associated to ρ as described in [BP12] , Section 11. Breuil and Paškūnas attach a family of basic 0-diagrams
For a finite unramified extension F of Q p of degree at least 3, Le uses a Diamond diagram attached to an irreducible ρ : Gal(Q p /F ) → GL 2 (F p ) to construct an infinite dimensional diagram which gives rise to a non-admissible smooth irreducible representation of GL 2 (F ) ( [Le19] ). His strategy does not work for a Diamond diagram attached to an irreducible Galois representation of Gal(Q p /Q p 2 ) because such a diagram does not have suitable Πaction dynamics. However, for F = Q p 2 , we observe that a Diamond diagram attached to a reducible split ρ has an indecomposable subdiagram with suitable Π-action dynamics so that Le's method can be used to obtain a non-admissible irreducible representation of G = GL 2 (Q p 2 ). versions of this paper. The second author also thanks Anand Chitrao for helpful discussions on diagrams.
Reducible Diamond diagram
Let ω 2 be Serre's fundamental character of level 2 for the fixed embedding F p 2 → F p , and let ρ : Gal(Q p /Q p 2 ) → GL 2 (F p ) be a continuous reducible split generic Galois representation. The restriction of ρ to the inertia subgroup is, up to a twist by some character, isomorphic to ω r 0 +1+(r 1 +1)p 2 0 0 1 for some 0 ≤ r 0 , r 1 ≤ p − 3, not both equal to 0 or equal to p − 3 ([Bre07], Corollary 2.9 (i) and [BP12] , Definition 11.7 (i)). Define the weight
Then the set of Diamond weights for ρ is given by 
We have from [BP12] , Corollary 14.10 that
For an IZ-representation V and an IZ-character χ, we write V χ for the χ-isotypic part of V .
The infinite dimensional diagram and the construction
Let D 0 (∞) := i∈Z D 0 (i) be the smooth KZ-representation with component-wise KZaction, where there is a fixed isomorphism D 0 (i) ∼ = D 0 of KZ-representations for every i ∈ Z. Following [Le19] , we denote the natural inclusion D 0
This uniquely determines a smooth N -action on D 1 (∞) such that p = Π 2 acts trivially on it. Thus we get a basic 0-diagram D(λ) := (D 0 (∞), D 1 (∞), can) with the above actions where can is the canonical inclusion D 1 (∞) → D 0 (∞).
Theorem 3.1. There exists a smooth representation π of G such that (1) (π KZ , π N , id) contains D(λ),
(2) π is generated by D 0 (∞) as a G-representation, and (3) soc K π = soc K D 0 (∞).
Proof.
Let Ω be the smooth injective K-envelope of D 0 equipped with the KZ-action such that p acts trivially. The smooth injective I-envelope inj I D 1 of D 1 appears as an I-direct summand of Ω. Let e denote the projection of Ω onto inj I D 1 . There is a unique N -action on inj I D 1 compatible with that of I and compatible with the action of N on D 1 . By [BP12] , Lemma 9.6, there is a non-canonical N -action on (1 − e)(Ω) extending the given I-action. This gives an N -action on Ω whose restriction to IZ is compatible with the action coming from KZ on Ω. Now let Ω(∞) := i∈Z Ω(i) with component-wise KZ-action where there is a fixed isomorphism Ω(i) ∼ = Ω of KZ-representations for every i ∈ Z. We wish to define a compatible N -action on Ω(∞). As before, denote the natural inclusion Ω ∼ − → Ω(i) → Ω(∞) by ι i , and write v i := ι i (v) for v ∈ Ω. Let Ω χ denote the smooth injective I-envelope of an Icharacter χ. Thus, from (2.1), we have e(Ω)
By demanding that Π 2 acts trivially, this defines a smooth N -action on Ω(∞) which is compatible with the N -action on D 1 (∞), and whose restriction to IZ is compatible with the action coming from KZ on Ω(∞). By [Pas04] , Corollary 5.5.5, we have a smooth G-action on Ω(∞). We then take π to be the G-representation generated by D 0 (∞) inside Ω(∞). If follows easily from the construction that π satisfies the properties (1), (2) and (3). Repeating the argument now for σ s , we see that
Therefore,
Since π is stable under the Π-action, we have
In particular,
By the same arguments as above, we find that
The claim is now proved by repeatedly using the Π-action. For (d i ) ∈ i∈Z F p , let #(d i ) denote the number of non-zero d i 's. Among all the non-zero elements (c i ) of i∈Z F p for which i c i ι i (D 0 ) ⊂ π , we pick one with #(c i ) minimal. We may also assume that c 0 = 0 using (3.3). We now show that #(c i ) = 1. Assume to the contrary that #(c i ) > 1. Since i c i ι i (D χ τ 1 ) ⊂ π and π is stable under the Π-action, we have i λ i c i ι i (D χ s τ 1 ) ⊂ π .
Since
i λ 0 c i ι i (D χ s τ 1 ) is also clearly in π , subtracting it from the above, we get
Writing (c i ) := ((λ i − λ 0 )c i ), we see that i c i ι i (D 0,σ s (ρ)) ∩ π = 0.
Following the same arguments as in the previous paragraph, we get that i c i ι i (D 0 ) ⊂ π . However, the hypothesis λ i = λ 0 for all i = 0, and the assumption #(c i ) > 1 imply that (c i ) is non-zero and #(c i ) = #(c i ) − 1 contradicting the minimality of #(c i ). Therefore, we have c 0 ι 0 (D 0 ) ⊂ π . So ι 0 (D 0 ) ⊂ π . Using (3.3) again, we get that j∈Z ι j (D 0 ) = D 0 (∞) ⊂ π . By property (2), we have π = π.
Non-admissibility of π is clear because π K 1 ⊇ soc K π and soc K π is not finite dimensional by property (3).
